Flow chart for the hologram generation with a circularly polarized incident beam of frequency  and helicity . The hologram generation start with an initialization by adding random phases φ r to every target amplitude distribution 0 , 0 and 0 , where 0 , 0 and 0 , represent amplitude distributions of the target images for frequency-helicity combination of (2, ), (, -) and (2, -), respectively. After an inverse Fourier transform, the complex amplitude distributions for φ, 2φ, and 3φ on the holographic image plane are combined together. To achieve phase-only holograms, an amplitude constraint is introduced, where the amplitude of the combined distribution is set to unity. After several iterations, the final target phase-only distribution is acquired. , , , ′ 0 , ′ 0 and ′ 0 , refer to the amplitude distribution before and after applying the amplitude constraints in the n th iteration. FT and IFT stand for Fourier transformation and inverse Fourier transformation, and ℎ describe the amplitude and phase after the combination of three holograms.
Supplementary Note 1: Design of the Computer Generated Hologram
We use the split ring resonator (SRR) -a C1 rotational symmetric structure, as the basic building block of the hologram, since both second harmonic signals with same and opposite circular polarization states compared to the fundamental beam are allowed. We like to note that in a bulk material with C1 rotational symmetry around the light propagation direction, circular polarized light experiences a change of the polarization state during its propagation. Therefore, the selection rule for C1 symmetry may lose its meaning for thick materials. On the other hand the metasurface is very thin and propagation effects do not play any role. Hence, the selection rule for C1 can be applied, with the allowed orders of harmonic generation given by 1   nl m , with l being an arbitrary integer, n representing the symmetry order, and the '+' and '-' sign corresponding respectively to harmonic generation of the same or opposite circular polarization state as the that of the fundamental beam.
The above equation shows that for a C1 structure (n = 1), any orders of harmonic generation are allowed for both circular polarizations.
We employ a modified Fidoc algorithm to obtain the desired geometric phase of the metasurface 1 . The Fidoc algorithm is an optimized iteration phase retrieval algorithm, which is widely used to obtain the phase-only
Computer Generated Hologram (CGH) in space domain and reconstruct the desired images as the target distributions of the transmitted lights in k-space (Supplementary Figure 1) 2,3 . Starting with a random phase distribution 0 ( ), three channels with spatial distributions ( ) , ( ) , and ( ) are
Fourier transformed into k-space. In the next step the three constraints on the amplitude distributions, corresponding to three desired holographic images, are multiplied to the three channels. Then, they are transformed back into the space-domain by the inverse Fourier transformation. In the space domain, we introduce the dependent relationship (φ, 2φ, and 3φ) among the phase distributions to the three channels. The new phase distribution ( ) is used for the next iteration. After several iterations, the phase profiles converge and we can finally acquire the desired phase-only distribution as the hologram. This phase distribution is then translated to the orientation angle of a periodic pattern of SRRs on the surface.
